We prove that if 1 ≤ p, q ≤ ∞, then the spaces 
Preliminaries and main result
Isomorphic classification of symmetric spaces is an important problem related to the study of symmetric structures in arbitrary Banach spaces (cf. [9] ). A number of very interesting and deep results of such a sort is proved in the seminal work of Johnson, Maurey, Schechtman and Tzafriri [9] . In particular, in [9] (see also [12, Section 2 .f]) it was shown that the space L 2 ∩L p for 2 ≤ p < ∞ (resp. L 2 + L p for 1 < p ≤ 2) is isomorphic to L p . A further investigation of various properties of separable sums and intersections of L p -spaces (i.e., with p < ∞) was continued by Dilworth in [6] and [7] and by Dilworth and Carothers in [5] . In contrast to that, in the paper [2] we proved that nonseparable spaces L p + L ∞ and L p ∩ L ∞ for all 1 ≤ p < ∞ and p = 2 are not isomorphic. The question for p = 2 was our motivation to continue this work. Here, we give a solution of this problem and, basing on results of [9] and [2] , prove a more general theorem: L p + L q and L p ∩ L q for all 1 ≤ p, q ≤ ∞ are isomorphic if and only if p = q.
In this paper we use the standard notation from the theory of symmetric spaces (cf. [3] , [11] and [12] ). Let L p (0, ∞) be the usual Lebesgue space of p-integrable functions x(t) equipped with the norm
and x L∞ = ess sup t>0 |x(t)|. For 1 ≤ p, q ≤ ∞ the space L p + L q consists of all sums of p-integrable and q-integrable measurable functions on (0, ∞) with the norm defined by
The space L p ∩ L q consists of all both p-and q-integrable functions on (0, ∞) with the norm 
(if E ⊂ R is a measurable set, then m(E) is its Lebesgue measure). Note that every measurable function and its decreasing rearrangement are equimeasurable, that is,
for all τ > 0.
Now, we state the main result of this paper.
is a sequence from a Banach space X, by [x n ] we denote its closed linear span in X. As usual, the Rademacher functions on [0, 1] are defined as follows:
For every n, k ∈ N and i = 1, 2, . . . , 2 k we set
for all n, k ∈ N, i = 1, 2, . . . , 2 k . At first, we suppose that for each k ∈ N there are n k ∈ N and 1 ≤ i k ≤ 2 k such that
Denoting
Now, let ε k > 0, k = 1, 2, . . . and ∞ k=1 ε k < ∞ (the choice of these numbers will be specified a little bit later). Thanks to (2), passing to a subsequence (and keeping the notation), we may assume that
(clearly, this subsequence preserves the above properties of the sequence {β k }). Hence, denoting
we obtain 
coincide with L ∞ (A) (with equivalence of norms). As a result, L ∞ (A) contains the complemented subspace [γ k ], which is isomorphic to l 2 . Since this is a contradiction with [1, Theorem 5.6.5], our initial assumption on the existence of a sequence {y
Thus, there are c > 0 and k 0 ∈ N such that y n k 0 ,i L 2 ≥ c for all n ∈ N and i = 1, 2, . . . , 2 k 0 .
Then, by the generalized Parallelogram Law (see [1, Proposition 6.2.9]), we have
where r i = r i (s) are the Rademacher functions. Hence, there exist θ n i = ±1, n = 1, 2, . . . , i = 1, 2, . . . , 2 k 0 such that
Moreover, by the definition of the norm in L 2 + L ∞ and the fact that
On the other hand, since {f n } is an 1-unconditional sequence in
Integrating this inequality, by the generalized Parallelogram Law and (3), we obtain
Since the latter inequality contradicts (4), the proof is completed.
Remark 1.
Using the same arguments as in the proof of the above theorem, we can show that the spaces L p + L ∞ and L p ∩ L ∞ are not isomorphic for every 1 ≤ p < ∞. This gives a new proof of Theorem 1 from [2] . However, note that in the latter paper (see Theorems 3 and 5) it is proved the stronger result, saying that the space L p ∩ L ∞ , p = 2, does not contain any complemented subspace isomorphic to L p (0, 1).
is called a Young function (or Orlicz function if it is finite-valued) if M is convex, non-decreasing with M(0) = 0; we assume also that M is neither identically zero nor identically infinity on (0, ∞), lim u→0+ M(u) = M(0) = 0 and
The Orlicz space L M = L M (I) with I = (0, 1) or I = (0, ∞) generated by the Young function M is defined as
It is a Banach space with the Luxemburg-Nakano norm
and is a symmetric space on I (cf. [3] , [10] - [15] ). Special cases on I = (0, ∞) are the following (cf. [14, pp. 98-100]):
A Proof. If both functions M and N are equivalent to the function u 2 for u ≥ 1, then nothing has to be proved. So, suppose that the function M is not equivalent to u 2 . Then, clearly, 
Proof. For such p, q the Orlicz spaces (L p + L q )(0, ∞) and (L p ∩ L q )(0, ∞) are reflexive, and are generated by the Orlicz functions M(u) = min(u p , u q ) and N(u) = max(u p , u q ) respectively, which are not equivalent for u ≥ 1 whenever p = q. Thus, by Theorem 3, these spaces cannot be isomorphic.
4
Proof of Theorem 1
Proof of Theorem 1. We consider four cases. 
, where 1/q + 1/q ′ = 1. By (a) and (b), the spaces L q ′ + L ∞ and L q ′ ∩ L ∞ are not isomorphic thus its preduals cannot be isomorphic.
(d) For 1 < p, q < ∞, p = q it follows from Corollary 1, and the proof is completed.
